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Abstract
In this paper we generalizethe LARS feature
selection method to the linear SVM model,
derivean e�cien t algorithm for it, and empir-
ically demonstrate its usefulnessas a feature
selectiontool for text classi�cation.

1. In tro duction

Text classi�cation is an interesting collection of clas-
si�cation problems in which the number of features is
large that often exceedsthe number of training ex-
amples and, for which, linear classi�ers such as lo-
gistic regression(Genkin et al., 2004), linear SVMs
(Joachims, 1998) and regularized least squareswork
very well. For theseproblems, feature selectioncan be
important, either for improving accuracyor for reduc-
ing the complexity of the �nal classi�er. Filter meth-
ods such as information gain (Yang & Pedersen,1997)
and bi-normal separation (Forman, 2003) are usually
employed to do feature selection.

LARS (Least Angle Regressionand Shrinkage) is a
`semi-wrapper'1 feature selectionapproach devisedby
Efron et al (Efron et al., 2004) for ordinary least
squares.It is closely related to the Lassomodel (Tib-
shirani, 1996)which correspondsto the useof L 1 regu-
larizer for leastsquaresproblems. The great advantage
of LARS is its abilit y to order variables according to
their `importance', while keeping the total computa-
tional cost small.

In this paper we generalizethe LARS approach to lin-

1Unlik e �lter methods which order featuresby analyzing
them independently , LARS sequentially choosesnew fea-
tures that are dependent on the features that are already
chosen, and is `wrapped around' the induction algorithm.
However, it is not a full-
edged wrapper method since it is
only basedon optimizing the training set performance.
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earSVMs, derivean e�cien t algorithm for it, alongthe
lines of Rossetand Zhu's path tracking algorithm for
L 1 regularizedmodels(Rosset& Zhu, 2004),and point
out that this algorithm is computationally practical,
say for ordering and choosing the top 1000 features
of a (binary) text classi�cation problem. We evaluate
the generalizationperformance(F-measure)on several
text classi�cation benchmark datasets and show that
SVM with LARS generatesan ordering of featuresthat
is much better than that obtained using information
gain. Regularized least squareswith LARS (Zou &
Hastie, 2005;Efron et al., 2004) is also evaluated and
shown to be inferior for text classi�cation comparedto
SVM with LARS.

SVM with LARS canbeviewed asan e�cien t approxi-
mate algorithm for a modi�ed SVM formulation which
uses both, an L 2 regularizer and an L 1 regularizer.
(The algorithm essentially e�cien tly tracks the solu-
tion curve for all possibleL 1 regularizer coe�cien t val-
ues.) As a part of our study we also evaluate the use-
fulnessof keeping (or leaving out) the L 2 regularizer.
When the L 2 regularizer is left out, the model with
LARS is closein spirit to the sparselogistic regression
model recently proposed(and shown to be very good)
by Genkin et al (Genkin et al., 2004) for text classi-
�cation. Keeping only the L 1 regularizer leads to an
aggressive reduction of the training cost using a small
subset of features. On somedatasets this leads to an
impressive performancewhile, on other datasets that
need to keep a large number of features2 for optimal
performance, the aggressive feature removal property
of the L 1 regularizer (acting alone) leads to a loss in
performance. Thus, it is better to try both classi�ers:
onewhich keepsthe L 2 regularizer and a secondwhich
leavesout the L 2 regularizer, and choosethe better one
basedon validation.

The paper is organizedasfollows. Section2 is the main
section where the generalizedLARS idea is explained
and the SVM-LARS algorithm is derived. Section 3

2The 20 Newsgroups dataset is a good example of this
case.
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evaluates the various methods on 6 benchmark binary
classi�cation problems. Concluding remarks are given
in section 4.

The following notations will be used in the paper. x0

will denote the transposeof the vector/matrix x. x j

is the j -th component of the vector x. Given a set
A , jAj will denote the cardinalit y of A . For � 2 Rm

and A � f 1; : : : ; mg, � A is the A dimensional vector
containing f � j ; j 2 Ag. If q = maxp2 P h(p) and �p =
argmaxp2 P h(p), then we say �p de�nes q.

2. Generalized LARS Algorithm

Consider a (binary) classi�er whose training can be
expressedas

min
�

f (� ) (1)

where f is the sum of a regularizer term and a data-�t
term, and the parameter vector � is an element of Rm .
Let g(� ) denote the gradient of f . We are interested
in the following two models.

Mo del 1. Regularized Least Squares (RLS) 3

f (� ) = f R LS (� ) =
� 2

2
k� k2 +

1
2

nX

i =1

r 2
i (� ) (2)

wherek� k is the L 2 norm of � , x i is the i -th example's
input vector, r i (� ) = � 0x i � t i , t i 2 f 1; � 1g is the tar-
get (1 denotesclass1 and -1 denotesclass2) for the i -
th example,and n is the number of training examples.4

The gradient of f R LS is: gR LS (� ) = � 2� + X 0(X � � t)
where X is the n � m matrix whose rows have f x0

i g
and t is the target vector containing f t i g.

Mo del 2. SVM (with L 2 loss)

f (� ) = f SV M (� ) =
� 2

2
k� k2 +

1
2

X

i 2 I ( � )

r 2
i (� ) (3)

whereI (� ) = f i : t i r i (� ) < 0g and the other quantities
are as de�ned for f R LS . It is easyto check that f SV M

is continuously di�eren tiable and that its gradient is
given by: gSV M (� ) = � 2� + X 0

I (X I � � t I ) where X I

is the matrix whoserows have f x0
i ; i 2 I (� )g and t I is

the vector containing f t i ; i 2 I (� )g.

SVM with hinge loss corresponds to replacing the
r 2

i (� ) term in (3) by � 2t i r i (� ). When there are no
severe outliers in the training set, the SVM models
using the L 2 and hinge lossproduce very similar clas-
si�ers. We work with L 2 loss becauseour ideas for

3The model is sameas ridge regressionon the classi�er
targets.

4We assumethroughout this paper that the bias term
is built into � and that it is also regularized.

feature selection only apply to models for which f is
continuously di�eren tiable. SVM with modi�ed Huber
loss,which also has this property, is another excellent
alternativ e that can be used together with our LARS
ideas. In this paper we will present our ideasonly for
the L 2 loss. By doing minor modi�cations, theseideas
can be easily extended to the modi�ed Huber loss.

Lasso (Tibshirani, 1996) and Elastic Net (Zou &
Hastie, 2005) are feature selection tools that apply to
f R LS . (Lassois designedfor � 2 = 0.) They do system-
atic feature selectionby including an L 1 regularizer in
the cost function:

min ~f (� ) = f (� ) + � 1k� k1 (4)

where k� k1 is the L 1 norm of � . When � 1 is large5

� = 0 is the minimizer of ~f , which corresponds to the
caseof all variablesbeingexcluded. As � 1 is decreased,
more and more variables take positive values. When
� 1 ! 0, the solution of (4) approaches the minimizer
of f .

In the above approach, as � 1 is decreased,a � j can
move back and forth between zero and non-zero val-
ues more than once. LARS is a closely related, but
computationally much simpler approach that was de-
vised by Efron et al (Efron et al., 2004) for ordinary
least squaresproblems (i.e., f R LS with � 2 = 0); this
approach only keepsadding variables as a parameter
similar to � 1 is decreased.6

The basic idea behind LARS is simple. Though not
mentioned in Efron et al. (2004), LARS can be eas-
ily extended to other models such as f SV M . We
will refer to the extension also as LARS. To under-
stand the method, �rst note that � ? is a minimizer
of f i� it is a (global) minimizer of the function
gmax (� ) = maxj jgj (� )j. LARS starts from � = 0
and continuously decreasesgmax by adding variables
one at a time until � ? is reached. At � = 0 let j 1

be the index which de�nes gmax . Take � j 1 as the �rst
variable (at the current point it is the variable that
contributes most to the decreasein f ) to be included.
Let sj 1 = sgn(gj 1 (0)). If we start from � 1 = gmax (0)
and track the curve de�ned by gj 1 = � 1sj 1 with � j 1

and � 1 as the only variables allowed to change, then
gmax can be decreased.7 This can be continued until
we reach a ~� 1 and ~� where another variable index j 2

alsode�nes gmax , i.e., jgj 2 ( ~� )j = jgj 1 ( ~� )j = ~� 1. At this

5 It is easy to seethat, if � 1 > maxj jgj (0)j, then the di-
rectional derivativ esof the � 1k� k1 term at � = 0 dominate
and so � = 0 is the minimizer of ~f .

6Since we useonly LARS in this paper, we will call this
parameter for LARS also as � 1 .

7At any stage of the LARS algorithm � 1 equals gmax .
Thus, decreasing� 1 causesgmax to decrease.
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point LARS includes � j 2 as the new variable for inclu-
sion and tracks the curve de�ned by the two equations,
gj 1 = � 1sj 1 , gj 2 = � 1sj 2 , where sj 2 = sgn(gj 2 ( ~� ))
and, � j 1 , � j 2 and � 1 are the only variables allowed to
change. The procedure is repeated to include more
variables while gmax is continuously decreased.

Becausethe choiceof new variablesis doneconditional
on variablesalready included, LARS has the potential
to be better than �lter methods which analyze fea-
tures independently . Sincethe importance of variables
is judged by the sizeof the derivative of f , it is neces-
sary to scalethe variablesuniformly. Most representa-
tions employed in text classi�cation (binary, normal-
ized binary, normalized tf-idf etc) have such a uniform
scaling. They all give data values spread in the (0,1)
range. Let us now give full details of the (generalized)
LARS algorithm.

Algorithm LARS

1. Let �� = 0. Find �j = argmaxj jgj ( �� )j. Let A =
f �j g, s�j = sgn(g�j ( �� )), �� 1 = jg�j ( �� )j. Go to step 2.

2. Consider the curve P in (� ; � 1) spacede�ned by

P = f (� ; � 1) : gj = sj � 1 8j 2 A ;
� k = 0 8k 62A; � 1 � �� 1g

(5)

Find

~� 1 = supf � 1 : (� ; � 1) 2 P; jgk j � � 1

for some k 62A g
(6)

Let the corresponding � be ~� . If ~� 1 = 0, stop. If
~� 1 6= 0, then by continuit y arguments there exists
~k 62A for which jgk j = ~� 1; obtain ~k and go to
step 3.

3. Let A := A [ f ~kg, �� = ~� , s~k = sgn(g~k ( ~� )) and go
back to step 2.

Consider a generic stage of the algorithm at which ��
satis�es �gj = sj � 1 8j 2 A and �� j = 0 8j 62A . It is
easyto seethat �� is the minimizer of f � s0

A � A where
only � A is varied, and sA is the A dimensional vector
containing f sj ; j 2 Ag.

Supposewe decide to run the algorithm only upto a
point where d variables have beenchosenand so stop
at the end of step 2 when jAj = d occurs. At that
point what is the � that should be used as the pa-
rameter vector for the classi�er? One idea is to use
� = ~� . This is the parameter vector we have used in
all the computational experiments reported in this pa-
per. Sincewe are terminating the algorithm with only

a partial set of variables, g( ~� ) 6= 0. We can take the
d parameters de�ned by A , optimize f with respect
to theseparametersand obtain the parameter vector,
�̂ . This is another worthwhile possibility for use in
the �nal classi�er. For ordinary least squares(f R LS

with � 2 = 0), Efron et al (Efron et al., 2004) refer to
this alternativ e as the OLS/LARS hybrid. One can
also think of fundamentally altering the algorithm by
solving gj = 0, j 2 A to obtain �� , j 2 A , and then
choosingthe next entering variable to be the onewhich
has the largest magnitude gradient component. Such
an aggressive forward selection scheme can be overly
greedy, leading to a poor selection of features (Efron
et al., 2004).

Let us now discuss the computer implementation of
the above algorithm. Let us begin with f = f R LS

sincethe ideasare simpler for it. Although details for
the least squarescaseare given in Efron et al. (2004)
and Zou and Hastie (2005), we repeat them heresince
they smoothly lead us to the details for f = f SV M .
Let � A denote the jAj dimensional vector containing
f � j ; j 2 Ag. For f = f R LS , the gj are a�ne functions
of � A and soP is a linear curve. The direction of that
linear curve, � � A can be determined by solving the
linear system,

HA � � A = sA (7)

where: HA = � 2I jAj + X 0
A X A ; I jAj is the identit y

matrix of sizejAj ; X A is the n � jAj submatrix of the
data matrix X corresponding to the variables de�ned
by A ; and sA is a jAj dimensional vector containing
f sj ; j 2 Ag. The computational algorithm can now be
easily given. By the way � � A is de�ned in (7) note
that � A hasto be moved in the negative � � A direction
in order to decrease� 1.

Algorithm RLS-LARS

1. Let �� = 0. Compute �g = � X 0t and �nd �j =
argmaxj j �gj j. Let A = f �j g, s�j = sgn(�g�j ), �� 1 =
j�g�j j, L =

p
HA whereHA = � 2+ X 0

A X A . (SinceA
is a singleton, HA is a real number. Throughout
the algorithm L will denote the lower triangular
Cholesky factorization of H A .) Go to step 2.

2. (a) Solve LL 0� � A = sA (two triangular linear
systems) to get the direction vector � � A .
Then compute � g = X 0X A � � A , the change
in g causedby � � A .

(b) For each k 62A: solve �gk + (� 1 � �� 1)� gk = � 1

to get � +
1k ; solve �gk + (� 1 � �� 1)� gk = � � 1 to

get � �
1k ; and then set ~� 1k = min+ f ~� +

1k ; ~� �
1k g

where min+ meansthat, when the minimum
is taken, negative quantities are ignored. (As
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� 1 is decreasedfrom �� 1 and P is tracked, ~� 1k

is the �rst � 1 value at which jgk j = � 1 oc-
curs.)

(c) Let ~� 1 = maxf ~� 1k : k 62Ag and ~k be the
k which de�nes ~� 1. (If A = f 1; : : : ; mg then
simply set ~� 1 = 0; in this case, ~k is unde-
�ned.) Go to step 3.

3. Reset �� A := �� A + (~� 1 � �� 1)� � A , �g := �g + (~� 1 �
�� 1)� g, and �� 1 := ~� 1. If ~� 1 = 0 stop. Else, set
A := A [ f ~kg, s~k = sgn(�g~k ), incrementally update
the cholesky factor L to include the new variable
and go back to step 2.

In text classi�cation problemsthe number of variables
is large and so the above algorithm will be imprac-
tical if a complete ordering of the full set variables
is to be carried out. But, there is rarely a need to
run the above algorithm beyond the selectionof about
500-1000top variables. In many casesthe classi�er
performancepeakswithin that selection;if the perfor-
mance continues to rise even beyond, that is usually
an indication that using the full set of variables is the
best way to go. Therefore it is su�cien t to run the
algorithm till about 500-1000variables are chosen.

Let us do a complexity analysis for an early termina-
tion of the algorithm when it is run till d variables are
chosen. Let mA = jAj and nnz denote the number
of non-zero elements in X . In textual problems X is
usually very sparseand so nnz is a small fraction of
nm (which is the value of nnz for a denseX matrix).
For our analysis we can take n and m to be smaller
than nnz . The main cost of the algorithm is associated
with steps 2(a) and (3), which respectively have the
complexities, O(m2

A + nnz ) and O(m2
A ). Accumulat-

ing upto d variableswe get the algorithm's complexity
upto d variables as O(d3 + nnz d). To get an idea of
the times involved, take a problem with about 10,000
exampleshaving 100 non-zeroelements in each exam-
ple, i.e., nnz is about 1 million. If d = 1000 then d3

and nnz d are about the sameorder and so the over-
all cost of running the algorithm upto 1000 variables
is only about few times the cost of inverting a 1000
dimensional densesquarematrix.

Let us now turn to the extension of the algorithm to
SVM. For f SV M , the gj are piecewise-a�ne functions
of � A and so the curve P in (5) is piecewise-linear.
Rossetand Zhu (Rosset& Zhu, 2004) discussa range
of models for which the overall curve parametrized
with respect to � 1 is piecewise-linear.Though they do
not explicitly include f SV M in their list of such models,
all their ideascan be easilyextendedto f SV M too. Let
us now take up these details. Apart from identifying

� 1 valuesat which a new variable enters, we also need
to locate points at which an example leaves or enters
the active index set, I . The following algorithm gives
all the details. Many of the stepsare sameas those in
algorithm RLS-LARS. In the algorithm we use yi to
denote t i r i ; thus, yi < 0 meansthat i 2 I .

Algorithm SVM-LARS

1. Let �� = 0, I = f 1; : : : ; ng and �yi = � 1;
i = 1; : : : ; n. Compute �g = � X 0t and �nd
�j = argmaxj j �gj j. Let A = f �j g, s�j = sgn(�g�j ),
�� 1 = j�g�j j, L =

p
HA where HA = � 2 + X 0

A X A .
Go to step 2.

2. (a) Solve LL 0� � A = sA to get the direction vec-
tor � � A . Then compute � r = X A � � A , and
then, � g = X 0� r .

(b) For each k 62A: solve �gk + (� 1 � �� 1)� gk = � 1

to get � +
1k ; solve �gk + (� 1 � �� 1)� gk = � � 1 to

get � �
1k ; and then set ~� 1k = min+ f ~� +

1k ; ~� �
1k g.

(c) Let ~� 1 = maxf ~� 1k ; k 62Ag and ~k be the k
which de�nes ~� 1. (If A = f 1; : : : ; mg then
simply set ~� 1 = 0; in this case, ~k is unde-
�ned.)

(d) For each i = 1; : : : ; n, compute � yi = t i � r i

and � 1i , the solution of �yi + (� 1 � �� 1)� yi = 0.
(As � A is changed from �� A along the line
de�ned by the � � A direction, � 1i is the � 1

value at which the i -th example will hit the
margin plane corresponding to it.)

(e) Find �̂ 1a , the �rst � 1 � �� 1 at which an
example from group I moves out of I , i.e.,
�̂ 1a = maxf � 1i : i 2 I ; � yi < 0g. Let î a be
the i 2 I that de�nes �̂ 1a . (If, either �̂ 1a < 0
or 69 i 2 I such that � yi < 0, then simply
reset �̂ 1a = 0. For this case,the value of î a

is immaterial and can be left unde�ned.)

(f ) Find �̂ 1b, the �rst � 1 � �� 1 at which an exam-
ple from outside group I moves into I , i.e.,
�̂ 1b = maxf � 1i : i 62I ; � yi > 0g. Let î b be
the i 62I that de�nes �̂ 1b. (If, either �̂ 1b < 0
or 69 i 62I such that � yi > 0, then simply
reset �̂ 1b = 0. For this case,the value of î b is
immaterial and can be left unde�ned.)

(g) If �̂ 1a � �̂ 1b then set �̂ 1 = �̂ 1a , î = î a ; else
set �̂ 1 = �̂ 1b, î = î b;

(h) If ~� 1 � �̂ 1 go to step 3; elsego to step 4.

3. Reset �� A := �� A + (~� 1 � �� 1)� � A , �y := �y + (~� 1 �
�� 1)� y, �g := �g+ (~� 1 � �� 1)� g, and �� 1 = ~� 1. If ~� 1 = 0
stop. Else, set A := A [ f ~kg, s~k = sgn(�g~k ), incre-
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mentally update the cholesky factor L to include
the new variable and go back to step 2.

4. Reset �� A := �� A + (�̂ 1 � �� 1)� � A , �y := �y + (�̂ 1 �
�� 1)� y, �g := �g+ (�̂ 1 � �� 1)� g, and �� 1 = �̂ 1. If �̂ 1 = 0
stop. Else, do the following. If î 2 I , remove î
from I , incrementally update the cholesky factor
L (seetext below) to remove the e�ect of example
î ; else, include î in I , incrementally update the
cholesky factor L (seetext below) to include the
e�ect of example î . Go back to step 2.

The Choleskyupdate in step 4 can be implemented as
follows. Let x̂ be the jAj dimensional vector formed
by taking the î -th example, x î and keeping only the
elements corresponding to A . Then the update corre-
sponds to forming the Cholesky factors of LL 0 � x̂x̂0.
This can be accomplishedin O(jAj 2) e�ort.

Though the complexity of one loop of steps 2-4 of
SVM-LARS is same as the complexity of one loop
of steps 2-3 of RLS-LARS, the overall complexity of
SVM-LARS is higher than that of RLS-LARS due to
the number of loops executed. Typically, examples
only move out of I as the algorithm proceeds(note
that, at the beginning, I = f 1; : : : ; ng). For our analy-
sishere, let us assumethat this is true. Let nch be the
number of examplesthat move out of I by the time
d variables have been included. The total number of
loops of steps 2-4, then, is d + nch . The total cost of
the algorithm is bounded by O((nnz + d2)(nch + d)).
Let nsv denotethe number of support vectors(i.e., jI j)
in the SVM which usesall the variables. Then we have
nch � (n � nsv ). This bound givesus a good estimate
of nch .

For problems in which nch is large (nsv is small)
the extra cost of SVM-LARS over RLS-LARS (i.e.,
O((nnz + d2)nch )) can be big. There is a simple way
to reduce this extra cost considerably while bringing
in someapproximatenessto the algorithm that is not
serious. For lack of space, we skip all these details
here. We have also developed an e�cien t method for
tracking an approximation of the leave-one-out error
asa function of � 1. For lack of spacewe skip thesede-
tails too. This approximation serveswell for selecting
the number of features to use.

3. Empirical Analysis

In this section we empirically evaluate the usefulness
of LARS as a feature selection tool for SVM and
RLS, and, in the process,alsocompareSVM and RLS
as well as study the usefulnessof keeping (or leav-
ing out) the L 2 regularizer term in f . Although we

have conducted the evaluation on many datasets,here
we only report representativ e results on the following
datasets.8

� Fbis-4: 1 binary problem of the Fbis dataset cor-
responding to class4 (with 387examples)against
the rest; n = 2463;m = 2000.

� La1-2, La1-4: 2 binary problems of the La1
dataset corresponding to class2 (with 555 exam-
ples) and class4 (with 943 examples)against the
rest; n = 3204;m = 31472.

� Ohscal-7: 1 binary problem if the Ohscal dataset
corresponding to class 7 (with 1037 examples)
against the rest; n = 11162;m = 11465.

� Reuters-Money-fx : 1 binary problem of the
Reutersdatasetcorresponding to the classmoney-
fx (with 717 examples) against the rest; n =
12902;m = 37207.

� News-3 : 1 binary problem of the 20 News-
groupsdatasetcorresponding to class3 (with 1000
examples) against the rest; n = 19928; m =
62061.

All these problems have a reasonably rich number of
examplesin each class. We study generalization per-
formance as a function of the number of features. F-
measureis usedasthe generalizationperformancemet-
ric. To evaluate the set of featuresobtained by LARS
we compareit (in terms of the F-measure)against the
set of features obtained by ordering according to in-
formation gain (IG). 9

The following six methods were compared: SVM-
LARS (� 2 = 1); SVM-LARS (� 2 = 0); SVM-IG; RLS-
LARS (� 2 = 1); RLS-LARS (� 2 = 0); and, RLS-IG.
Note that, setting � 2 = 0 with SVMs does de�ne a
meaningful model since the L 1 regularizer is present.
For RLS, setting � 2 = 0 corresponds to the Lasso
model (Tibshirani, 1996). For the caseof non-zero� 2,
we did not tune � 2, mainly to keep the computations

8Fbis, La1 and Ohscal, which use binary representa-
tion for the words, are as in Forman (2003). The Reuters
dataset is taken from (Lewis, 2004) and 20 Newsgroups is
as in Rennie and Rifkin (2001). For these two datasets we
use normalized tf-idf representation.

9One could also consider other good �lter methods such
as BNS (Bi-Normal Separation) (Forman, 2003). We tried
BNS, but it did not perform as well as IG on the datasets
chosen by us. This is not inconsistent with the �ndings
of Forman (Forman, 2003) who found BNS to be better,
overall, on a range of problems in which many had large
classskew. The binary problems chosenby us do not have
big classskew.
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manageable;also, it has beengenerally observed that,
for text classi�cation problems� 2 = 1 is a good choice
that gives a performance close to optimal. For each
classi�er used in our study we do a post-processing
tuning of the threshold to optimize the F-measure.
The validation outputs neededfor doing this were ob-
tained using the LOO approximation mentioned in sec-
tion 2 for LARS and using 10-fold crossvalidation for
IG ordering.10

Sincethe training set/testing set split can causevari-
abilit y that needsto be shown for a proper compari-
son of the methods, we set-up the comparison exper-
iments as follows. Each binary dataset was randomly
divided into 4 (classwisestrati�ed) groups;4 runs were
made, each time keepingone group as the testing set
and the remaining 3 groups as the training set. Thus,
for each classi�er method and a given number of fea-
tures selected,we get 4 F-measurevaluesas estimates
of generalization performance. Let Fmin , Fmean and
Fmax denote the minimum, mean and maximum of
these four values. The experiment was repeated for
10 di�eren t choicesof the random 4-groupings; Fmin ,
Fmean and Fmax were averaged over the 10 runs to
get the averagedvalues,avFmin , avFmean and avFmax .
While avFmean gives an estimate of the expected F-
measurevalue, avFmax � avFmin givesus an estimate
of its variabilit y. For each method, we plot avFmin ,
avFmean and avFmax as a function of the number of
features chosen. The analysis was done upto a max-
imum of 2000 chosen features. We also ran SVM
and RLS using all the features in a given dataset
and � 2 = 1 to get another baseline for comparison.
Only for the Reuters � Money � fx dataset, we did
not form any random groupings; going by standard
practice for the Reuters dataset, we simply use the
ModApte train/test split once.

For the six binary problems and the various methods,
Figure 1 gives plots of the F-measure statistics as a
function of the number of features chosen. For the
LARS approaches, the number of features is a non-
linear scaling of � 1. (Note that, as � 1 decreasesmore
featuresget included.) Also, sincefeaturesare sequen-
tially added one at a time, the performancevaluesfor
LARS are available for every integer value of the num-
ber of features. Sincewe are using F-measure,bigger
valuesmean better performance. For the IG ordering
we �xed � 2 = 1 and only did the experiments for the
following valuesof the number of features: 2, 4, 8, 16,
32, 64, 128, 200+ k � 150, k = 0; 1; : : : ; 12. Figure 1

10 Lik e Genkin et al (Genkin et al., 2004) one could also
simply use the training outputs to adjust the threshold.
This will reduce the computational cost, but the perfor-
mance of the chosen threshold will be slightly inferior.

also gives the statistics associated with the classi�er
which usesall features and has � 2 = 1.

We can group the �ndings under three headings.

LARS versus IG. Although the initial, small set of
features chosenby IG is very good (sometimes these
initial features are even quite better than those cho-
senby LARS), LARS usually doesmuch better in the
middle phasewherethe performanceeither peaksor is
approaching the peak. This superiorit y is very strik-
ing in somecases;see,for instance, the performance
on Ohscal-7. In several cases,peak performance is
attained only when the number of features chosen is
very large. Even in such problems,LARS usually does
much better in pointwisecomparisonat various values
of the number of features. This win makesLARS to be
very useful in situations where there is a needto build
classi�ers using only a restricted number of features.
La1-2 is one such case.

SVM versus RLS. In many cases,the performance
of RLS is severely degradedby the inclusion of a large
number of features. This is regardless of whether
LARS or IG was used for feature selection. Rarely,
a lesserdegreeof such degradation occurs with SVM
too (seeOhscal-7, for instance). In terms of the peak
performanceachieved, SVM usually did quite better;
also, SVM achieved the peak with lessnumber of fea-
tures.

Keeping ( � 2 = 1) versus Leaving out ( � 2 = 0)
the L 2 regularizer. In the initial phase of feature
selection,the two classi�ers are usually identical. This
is because,in this phase, the data-�t term gets the
maximum importance. After the gradient of the data-
�t term has reached small values, the classi�er with
the L 2 regularizer term concentrates on bridging the
e�ects of the regularizer term and the data-�t term,
while the classi�er without the L 2 regularizer term
continues to pick up features to aggressively reduce
the gradient of the data-�t term towards zero, leading
to over�tting and a severelossin generalizationperfor-
mance. It can alsobe seenthat the number of features
at which the � 2 = 0 classi�er falls to low valuesis gen-
erally much smaller for SVM than for RLS. This can
be easily explained by the fact that, while RLS always
concentrates on all the examples,the SVM only hasto
�t the active examples(the elements of I ) in its `least
squares' process. Thus the SVM can achieve this �t
using much lessfeatures.

In some cases, peak generalization performance is
achieved in the initial phaseof feature selectionitself;
seeFbis-4, for instance. In such casesthe absenceof
the L 2 regularizer is harmless. But, in several cases



Generalized LARS for SVM Feature Selection

(seethe SVM casein La1-2, for example) the perfor-
mance of the classi�er with the L 2 regularizer keeps
rising as more features are added. For such problems,
leaving out the L 2 regularizer is clearly a poor choice.

There are alsosomeinteresting cases(Reuters-Money-
fx ; News-3 ) where, in the initial phase of feature
selection, leaving out the L 2 regularizer gives much
better performance.11 Genkin et al (Genkin et al.,
2004) obtained very good results on the Reuters' bi-
nary problems using their logistic regressionmethod
with the L 1 regularizer. Our LARS method corre-
sponding to leaving out the L 2 regularizer is very sim-
ilar to their method; the two methods mainly di�er in
the loss function employed and the way � 1 is tuned.
Our experiments indicate that it is safer to try , both
� 2 = 1 and � 2 = 0, and choose the better one, say,
basedon crossvalidation.

4. Conclusion

In this paper we applied generalized LARS to lin-
ear SVMs and showed that this leads to e�ectiv e fea-
ture selection. SVM-LARS is close in spirit to an
SVM model in which both, L 2 and L 1 regularizers
are present. An important advantage of the SVM-
LARS algorithm is its abilit y to �nely track the solu-
tion with respect to � 1 without losing e�ciency . The
model without the L 2 regularizer is alsoan interesting
model that is worth considering. We are working on
developing an e�cien t algorithm for applying gener-
alized LARS to logistic regression. For this case,the
solution curve with respect to � 1 is a nonlinear curve,
and hencethe algorithmic aspects are more challeng-
ing.

In our empirical study weusedonly the standard `Bag-
Of-Words' (BOW) representation for forming the fea-
tures. It is also possibleto include other derived fea-
tures, say, the distributional word cluster featurescon-
sideredby Bekkerman et al (Bekkerman et al., 2003),
who found that their cluster representation is better
than that of BOW on some datasets, but worse on
others. By putting the BOW featuresand the derived
features together and using LARS to do feature selec-
tion, there is hope for getting the best properties of
both representations.

11 This can be very useful in situations where there is
a need to work with a limited number of features. But,
if that is not the case, keeping the L 2 regularizer could
be the better option. Note, for example, in the case of
News-3 that, the performance of the L 2 regularizer using
all features is much better than the peak performance of
the classi�er with � 2 = 0.
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Figure 1. F-measure, as a function of the number of features chosen, for the six binary problems. For each problem there
are two plots: the left one has the SVM results and the right one has the RLS results. In each plot, the avF-measurevalues
of LARS with � 2 = 1 are given as contin uous (black) lines and the avF-measure values of LARS with � 2 = 0 are given by
(blue) broken lines. The avFmin , avFmean and avFmax values for the IG ordering with � 2 = 1 are respectively shown by
the (red) symbols, +, and � . The avFmin and avFmax values for the classi�er with � 2 = 1, using all the features are
shown by dotted (black) horizontal lines; the corresponding avFmean value is shown by a contin uous horizontal (black)
line.


